Chapter 5

Dark matter detection rates

Now that the design and optimisation of SABRE South has been discussed in great detail, a
question naturally presents itself: how well will the setup be able to observe DM? And, how
can this ability be quantified and compared to the capability of other experiments that use
different targets?

This Chapter explains in detail the various ingredients required for this calculation, and
presents a method used to compute the sensitivity of an experiment to the DM modulation
signal designed for use in Refs. [100, 101].

In general, the DM detection rate depends on three key inputs: theoretical explanation of
how the interaction process proceeds, the DM velocity distribution, and the detector re-
sponse to the interaction rate the first two produce. These are discussed separately in the
following sections.

5.1 Dark matter interaction rate

The differential DM interaction rate (as in, how frequently an interaction is expected to
occur between DM and some target), with respect to nuclear recoil energy E, is given by

dR p (= dor 4
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where the N7 is the number of target atoms per kg of target, p the DM density, dor/dEr
the scattering cross section, and f;,;(v) is the DM velocity distribution in the lab frame,
with an that integral goes from the minimum velocity in the lab frame that can produce a

recoil of a given energy,
mrFE
Ve, = T2 R7 (5.2)
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up to the galactic escape velocity. The reduced mass of the system, u, 7, is given by

MX,T = - (5.3)

Typically, one can interpret the scattering cross section dor/dER as the particle physics
content of the interaction rate, while the velocity distribution f(v) is the astrophysical con-
tribution. The calculations of these will be discussed in the following subsections, before a
sensible way to combine them (designed for the analysis of this thesis) is presented.

5.1.1 Dark matter particle interactions

In general, the scattering cross section is computed by taking the squared scattering matrix
and averaging it over the spins
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where j, and jr are the spins of the DM and target. The exact expression for - . | M|?
will depend on the particular interaction of interest. Typically, this is computed by using an
Effective Field theory (EFT) with an effective Hamiltonian constructed from a number of
operators O, that depend on the exact process of the scattering:

Hir)= D) o)t (5.5)

r=0,1 j=1

where t° = T and t! = o5, the third Pauli matrix. The exact interaction that occurs between
DM and a nucleus is described by the non-relativistic nucleon operators O; for a particular
model. Each of these operators will correspond to an effective high energy operator and is
the result of integrating out the (unknown) mediator, which dictates the DM model under
consideration. In some cases, a non-relativistic nucleon operator may be associated with
more than one high energy effective operator, meaning that the two models cannot be dis-
tinguished via a direct detection experiment.

These operators depend on a number of different factors, including the exchanged momen-
tum ¢, the incoming relative velocity v, and the DM and nuclear spins fx and j’N. The su-
perscript 7 allows for isoscalar (7 = 0) and isovector (7 = 1) couplings, which are related
to proton and neutron couplings c? and ¢ via

1
=2,

1 (5.6)
c;L 9 (Cj - C])

Following the methodology of Ref. [102-104], these operators can be used to calculate the
cross section for scattering between DM and a nucleus via typical EFT formalism.

The couplings c; influence the detection rate via the inclusion of the nuclear form factors

Fi(fb) (v, q), which convert the scattering cross section of a single nucleon into a cross section
that can be used for a full target nucleus. This is then used to represent the scattering matrix;

15
1 1 a) (b) o(ab)
. — > IMP =Y > S E (w0, g), (5.7)
2+ 12jr+1 spins ij ab=0,1

where c; ; are the same coefficients of Eq. 5.5, and ¢ is related to F'r by
QQ = 2mrER. (5.8)

Here, and throughout this thesis, NV subscripts refer to an individual nucleon while a " refers
to the full target nucleus. A full list of the form factors used in this analysis for 23Na and 1271
can be found in Appendix A of Ref. [102].

To ease computation, as in Ref. [105], it is possible to express these coupling constants as a

vector ¢g
15
Co = Z Z Cga)é? = Coé(), (59)
i a=0,1
where éE“) are unit vectors that represent the relative coupling strength of the various op-

erators. In this way, the fit of the couplings constants can be separated into the fit of the
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direction and norm of the vector ¢g. Thus, all the information about the relative contri-
butions of different operators/form factors are contained within &, allowing for ¢ to be
pulled out of Eq. 5.7 as a common factor:

1 1 (@) ;0) polab)
: : Y IMP=aY" Y & EE (0, q). (5.10)
QJX + 1 2JT + 1 spins %,J a,b=0,1
Adopting the parameterisation
1262
oy = ENTO (5.11)
T

then allows for fits to a DM cross section o,, as well as m,, and the components of &g. The
differential cross section can this be expressed as
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It should be noted, however, that the value of ,, and indeed what it physically represents will
depend on the basis in which ¢g is normalised. For example, with ¢y normalised as shown
in Eq. 5.9, o, will represent the coupling between DM and the isospin state of the target. To
compute the coupling between DM and the nucleus, ¢y would need to be normalised with
respect to the nuclear basis so that

15
o= > e’ =co. (5.13)

i a=n,p

Alternatively, the direct coupling between DM and a particular nucleon can also be found
using the conversions in Eq. 5.6. To avoid confusion, the rest of this thesis will use the
following notation to distinguish between the slightly different forms and meanings of o,

« 0y - the scattering cross section for DM off the isospin state of a nucleus.
« 0y N - the scattering cross section for DM oft an atomic nucleus.

. 0y p - the scattering cross section for DM off a proton (or neutron, where 7 is used
instead of p).

Nominally, any one of these can be used to calculate the other two but, where possible,
results will be presented for o, ,, as tends to be standard for the literature.

5.1.2 Dark matter velocity distributions

As discussed in Chapter 1, the velocity distribution typically assumed for galactic DM is the
Standard Halo Model (SHM), where the DM follows a Maxwell Boltzmann distribution

1 1
TR W
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The velocity of the Earth is given by v = v + ¥, where

6@ = U®(07 07 1)7

- . . (5.15)
Uy = vy(sin 27t, sin 7y cos 27t, cos y cos 27t).

In this frame of reference, the DM velocity is expressed as ¢ = v(sin 6 cos ¢, sin 6 sin ¢, cos 0).
The typically assumed values for constants are given in Table 5.1.

DM density p 0.3GeVcm™
Dispersion velocity vy 220 km/s
Escape speed Vese 550 km/s
Solar Vo 232 km/s
Rotational velocity v, 30 km/s

Angle of orbit o /3 km/s

Table 5.1: Typical values used for particular velocity distributions.

As discussed in detail in Sec. 1.3.1, the relative motion of the Earth around the Sun as it
moves through the galactic WIMP flux produces an annual modulation, the value of which
will depend on the value of vy,i,. As shown in Eq. 5.2, vp,;, will change with both target and
DM masses, meaning that the same DM particle can and will produce very different looking
modulation amplitudes in different experiments. In particular, combinations that give v, <
200 km/s will generate a negative modulation that peaks in December rather than the tradi-
tionally expected June. To get a basic understanding of how much this v,,;,, will impact the
modulation fraction, the integral of the velocity distribution in January is subtracted from
the integral in June, and divided by the average velocity. This is plotted as a function of
Uminin Fig. 5.1 and gives modulation fractions that range from -2.5% up to 30% for the SHM
model. Although the value of this modulation fraction is typically quoted as on the order of
1% [106], it is clear from these plots that this can vary depending on the target, and change
even more for interaction models like those detailed in Ref. [107] (and discussed in Sec. 6.1)
that increase the minimum velocity accessible by a target. Thus, although this modulation
is a useful signpost for searches, analysis of a clear R, attributable to DM as well as R,,, is
required to distinguish between various models under consideration.

As well as the dependence on vy, results from the Gaia satellite and astrophysical sim-
ulations have suggested that the SHM is too simplistic to describe the DM content of the
Milky Way [108-110]. In particular it is becoming increasingly accepted that the DM dis-
tribution is likely to have substructure that mimics that observed in baryonic matter, such
as the Helmi [111] or Sequoia [112] streams and the Gaia Enceladus (GSE) [113]. The exact
nature of the substructure will impact the expected interaction rate in different ways. First,
it will impact the annual modulation as not all the substructure is aligned with the usual
‘WIMP wind, meaning that the interaction rate will no longer produce a nice clean cosine.
Second, although the distribution fj.;,(v) itself is independent of both the interaction model
and target under consideration, the integral bound v,,,;,, will be influenced by both the DM
and target masses. Thus, substructure that appears in either the low or high velocity regions
can mean that different targets can observe significantly different interaction rates for the
same model.
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Figure 5.1: Integral of the velocity distribution in June minus the distribution in January as a function
of minimum velocity, divided by the average velocity to give the modulation fraction.

Substructure is typically added to the velocity distribution by introducing a substructure
scaling factor 7 so

f(v) = (1 —n)fsum(v) + 1 fen(v), (5.16)

where fou(v) describes the substructure being included, and 7 is able to take values up to
0.3.

Much like the modulation fraction itself, features induced by these substructures will change
from detector to detector, and so in an ideal case results across a variety of different targets
would be used to constrain the correct distribution. A few examples of these, and their
impact on interpreting data, are explored further in Sec. 6.6.1.

5.1.3 Total interaction rate

To allow for easier computation by separating the particle theory and astrophysics contri-
butions, the observation is made that all the terms in the form factor sum are either inde-
pendent of velocity, or proportional to v%. This allows for the separation of form factors so

Fiv,q) = FS (g) + w2 FS(g). (5.17)

v

Therefore, the cross section can be expressed as two terms, with different velocity depen-

dence:
dor 1 ([ dok , do,
-t (2T =T h
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(5.18)

93



Using this, Eq. 5.1 can be rewritten in terms of two integrals:

N T (0 [ s o)

mX QMN %,j a,b=0,1
(5.19)
To simplify this, the velocity integrals are expressed as
/flL(v)d3 9(Vmnin) // U fian(V)dv dS2,
! (5.20)
/vflab(ﬁ)d% = h(Vmin) = // v° fian(¥)dv dS2.
D
with D defined as
v > Umin(ER), U+ Ug| < Vese- (5.21)

These integrals then form prefactors that, aside from vy;,,, do not depend on the particle
physics DM model in question. They are then multiplied by the appropriate form factors,
giving

dR p | doy doy
dEp ~my LZER (tmin) Eh(“mm)]
B p oomr A ab)1 (ab).2 (5.22)
= DS > A [ (q)gvmin) + FSOH @)
mX 'uN 4,J a,b=0,1

The benefit of expressing the rate in this way is that it allows for the separate calculation of
the astro and particle physics contributions. This makes computation and comparison for
different combinations of DM interaction models and velocity distributions significantly
easier to perform, as it removes the need to reevaluate these integrals for every different
DM model. Where an explicit expression for the modulation is desired, expressions in Eq.
5.20 can be projected onto A + B cos[w(t — )|, giving an interaction rate of the form

dR(t) dR, dR

= i t—1to)]. 5.23
dEn B, T dE, Wt to)] (523)

As such, there are four forms for the velocity distribution that are of use for these calcu-
lations: go(Vmin), 9 (Vmin)s 2o(Vmin), and Ay, (Unin ). These are shown for the SHM in Fig.
5.2.
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Figure 5.2: Results from the SHM velocity integrals as a function of viin; g(Vmin) and A(vmin),
where the modulating and constant components have been separated.

5.2 Detector response

The expression given in Eq. 5.1 is the expected rate of nuclear recoils due to DM. In real-
ity, the detection process will introduce additional threshold cutofts, smearing, and require
calibration between the actual nuclear recoil energy, and the energy measured by the detec-
tor. Thus the observation rate (referred to here and the rest of this thesis as dR/dE’) as a
function of the observed energy (F’ in units of keV,.) will take a different form to that of the
interaction rate ({R/d E'g) as a function of the nuclear recoil energy (E'g in units of keVyg).

5.2.1 Quenching factors

For scintillation detectors, the intrinsic light yield of the target can be different for electron
vs. nuclear recoils [114, 115]. Because these setups tend to be calibrated with gamma ray
sources, energy depositions are recorded in units of electron equivalent keV (keV,,), which
is based on the amount of light that an electron recoil of that value would produce. To model
nuclear recoils (which are the expected signal for DM), a calibration known as the quenching
factor (QF) must be used. Essentially, it is a unit conversion between the observed electron
equivalent energy F,. (keV,) and the actual nuclear recoil energy F'r (keVngr), and can be
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computed using neutron scattering experiments. This correction takes the form

E
ER == = )

OF
iR dR dEp (5.24)

dE.. dEgrdE..

As Nal(TI) is a composite target, the QF for both Na and [ must be measured. In the past,
DAMA have made the assumption that for Na, QF=0.3, and for I, QF=0.09 [45]. However,
recent studies [114, 116—-120] have indicated that for Na in particular this ratio may have
some energy and/or detector dependence. As this value relates to the energy region being
probed by a detector, it is imperative that it is well understood to ensure the correct DM
models and parameters are being constrained or ‘discovered’. A selection of measured val-
ues are shown in Table 5.2, with a larger range of observations in Fig. 5.3.

Stiegler et al. (2017) [118] | Xueetal. (2015)[117] | Bignell etal. (2021) [116] | Joo et al. (2019) [114]
ER (keVnr) QF (%) | Er(keVyg) QF (%) | Ep(keVxg) QF (%) | Eg(keVip) — QF (%)

7.31 8.0 57+07 133%138 36 £5 160+13| 87+£13 9.6 £1.6
8.39 5.6 88+12 129£14 58+ 1 198+£09 | 148+16 113+12
9.46 6.8 9.1+12 162+12 65+ 8 21.0+0.8 | 2274+20 141+13
11.6 8.0 143+£24 159+£19 71+ 10 235+0.8 | 30.1+22 172+1.3
17.7 10.5 15014 160£1.0 79+3 216 £ 1.1 | 46.1+28 173%+1.1
20.8 12.5 194+ 16 168409 86 + 12 194407 | 626+32 181+09
30.2 14.25 2494+24 17.1£10 96 +3 223£09 | 789+36 213+1.0
3104 15.25 290+19 18.8+0.8 102.7 £ 4.1 22.1£0.9
34.4 14.0 333£28 191+1.1 151.6 £50 229+£0.8
39.7 18.0 43.0+22 204+08

47.7 18.0 51.8£26 207+£10

Table 5.2: A range of observed Na QF values.

It is still an open question within the field whether the differences in these observations
are due to systematics, different measurement or calibration methods, or whether the QF
is a value that changes from crystal to crystal. Because it is the result of particular optical
qualities of a crystal, it is possible that its value changes from crystal to crystal. The impact
of the uncertainty surrounding this is discussed further in Sec. 6.2.

96



0.6 T T T ] T T T T T

Fushimi (1993)
DAMA (1996)
Tovey (1998)
Gerbier (1999)
Xu (2015)
Stiegler (2017)
Joo (2019)
Bignell (2021)
Cintas (2021)

<
N

o+

Quenching Factor
++

<
[

0.1

1= N T [T T T I N

Energy [keVyp]

Figure 5.3: A number of Na QF measurements, taken from Refs. [43, 114, 116-122].

5.2.2 Resolution

The energy resolution of a detector is a measurement of how clearly features in the energy
spectrum will appear. This will influence the observed rate of interaction, effectively smear-
ing the signal and causing recoils of energy . to be observed as a Gaussian distributed
spectrum [115]. This can be understood by using a toy signal made up of a series of delta
functions. If each delta function is in reality smeared over neighbouring bins, then the total
energy rate expected in a particular energy bin £’ is the sum of the gaussian contributions
from those that neighbour it. Thus, the differential rate will undergo a transformation

dR 1 /°° 1 dR —(B'—EP] . 525
dE' ~ 212 ), AFwdBe P | 2(AE.)? '

where AF,, is the energy resolution of the detector. AF,, is related to the FWHM of a
measured peak in the detector, where AFE,, =FWHM/2.35 [115]. Nal(TI) targets tend to
use the 59.5 keV,, peak from 2'*Am to measure this value.

In general, the resolution of a detector is expected to follow a function of the form

AE.. = aV'E + BE, (5.26)

due to the different sources of fluctuation in the detector. These can be due to a number of
features, including drift of detector characteristics over time, random noise, and statistical
fluctuations. The factor a can be thought of as the (irreducible) statistics based component,
while ( accounts for all other sources [96]. For Nal(T1) detectors, the o term tends to dom-
inate this expression.
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5.2.3 Efficiency

The threshold detection efficiency will influence the probability of an event of a given en-
ergy actually being observed by the detector. This will depend on a variety of factors, some
intrinsic to the detector (such as the quantum efficiency of PMTs) and others that come about
due to analysis, e.g., background or veto cuts for a detector. In general it is accounted for
by using an energy dependent scale factor €(£’). For the Nal(T1) experiments of interest for
this thesis, the poor low energy efficiency of the detectors constrains their observations to
above 1 keV,.

5.2.4 Total observation rate

Combining these three detector responses, the observation rate as a function of observable
energy is

1 00 l 2

dR _ ¢(E) L dR dBg {—(E — Ee.) 1dEee. (5.27)
dE'  (2m)2 ), AFEe dER dFEe 2(AFE)?

Here, all of the model dependent terms are contained within %. The general workflow of
such a computation (developed in Ref. [123] for this thesis) is shown in Fig. 5.4. This was
designed to be modular in form, to allow for easy implementation of improved astrophysical
or theoretical calculations, and to easily test different experimental variables.

Form factors

(ab),1 (ab),2
Fija @, Fija @ Interaction rate
dR

Velocity integrals

IVmin) = J #dv Detector specifics
’ d
h(Vmin) = J vf (v)dv €(E"), ABgq ™

Figure 5.4: DM computation workflow, implemented in Ref. [123].

5.2.5 Multi element targets

For DM targets that are made up of more than one element, such as Nal, the calculations for
each element must be done separately, then added together. Thus the total, overall rate will
be given by the rate in each target nucleus 7, weighted by their contributing masses m; as a
fraction of the total molecular mass My

d Ry _ Z m; dR;

iE p—To (5.28)

)
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For Nal(TI) detectors, the two DM targets are the Na and I (the Tl is present in low levels
only to support the scintillation process), and so the total DM rate will be

d Ryt B mya  dRNa + my dRr
dE'’ N MNa + mg dE’ MNa + mg dE'’ '

(5.29)

5.3 Experimental sensitivity

In general, experimental sensitivity is assessed based on how well a signal can be distin-
guished over some background model. For frequentist statistics, this can be thought of as
hypothesis tests, and will fall into one of two categories:

1. Signal discovery: the background only model is adopted as the null hypothesis, and
tested against the alternative hypothesis of background plus the signal of interest.

2. Signal exclusion: the signal plus background model is adopted as the null hypothesis,
and tested against the alternative of the background only case.

These are used to quantify experimental sensitivity by simulating or generating data under
the alternative hypothesis, and testing its compatibility with the predictions of the null hy-
pothesis [124]. This is done by constructing probability distribution functions (PDFs) for
both the background only and signal+background hypothesis, that demonstrate the relative
probability of observing some value under the assumption of that model. Experimental sen-
sitivity (based on simulation) is concerned with the median significance with which a model
can be rejected, rather than a single data set (which would be collected once an experiment
is operational). In order to do this, the median value for the alternative hypothesis should
be used to test the null hypothesis, where the sensitivity can be characterised by the p-value
of this median value [124]. This is illustrated in Fig. 5.5.

In this context, the discovery power of an experiment can be thought of as the probabil-
ity of observing data compatible with the signal+background hypothesis if the background
only model is true (a detector has seen a ‘signal’ - is it just background?), and the exclusion
power the probability of observing data compatible with the background only hypothesis
if the signal+background model is true (a detector has seen ‘nothing’ - is the signal just too
small?).

For experiments like SABRE that aim to explicitly test the modulation of a DM signal, the
key background of concern is the apparent modulation of a (presumably) constant rate due
to statistical fluctuations, as analysis of the modulation signature typically involves the sub-
traction of the constant signal component, or fitting to some cosine function [37]. As such, to
construct the PDFs used to test experimental sensitivity, these fluctuations should be mod-
elled over a detector’s lifetime, and fit to a cosine function to find the probability distribution
for observable modulation under both hypotheses.
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